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Abstrat
Let X be an analyti subset of U ×C
n
of pure dimension k suh that
the projetion of X onto U is a proper mapping, where U ⊂ C
k
is a Runge
domain. We show that X an be approximated by algebrai sets.
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1 Introdution
The problem of approximation of analyti objets by simpler algebrai ones
appears in a natural way in omplex geometry and has attrated the attention
of several mathematiians (see [1℄, [9℄, [10℄, [12℄, [13℄, [15℄, [16℄, [18℄, [19℄, [20℄).
The aim of the present paper is to show that every purely k-dimensional
analyti subset of U ×Cn whose projetion onto U is a proper mapping, where
U is a Runge domain in Ck, an be approximated by purely k-dimensional
algebrai sets (see Theorem 3.1). Here by a Runge domain we mean a domain
of holomorphy U ⊂ Ck suh that every funtion f ∈ O(U) an be uniformly
approximated on every ompat subset of U by polynomials in k omplex vari-
ables (f. [14℄, pp 36, 52, and note that in general a Runge domain need not
be onneted). The approximation is expressed in terms of the onvergene of
holomorphi hains i.e. analyti sets are treated as holomorphi hains with
omponents of multipliity one (see Setion 2.2).
The starting point for our onsiderations is the fat that purely k-dimensional
analyti subsets of U×Cn with proper projetion onto a Runge domain U ⊂ Ck
an be approximated by omplex Nash sets. (We disussed various methods of
suh approximation in [3℄, [4℄, [5℄, [6℄, [7℄, [8℄.) This allows to redue the proof
of Theorem 3.1 to the ase where the approximated objet is a omplex Nash
set. The problem in the redued ase is solved by Proposition 3.2.
Every point of a purely k-dimensional analyti subset X of some open
Ω ⊂ Cm has a neighborhood U ⊂ Ω suh that, after a linear hange of the oor-
dinates, the projetion of X ∩ U onto an open ball in Ck × {0}m−k is a proper
mapping. Therefore Theorem 3.1 immediately implies that every analyti set
an be loally approximated by algebrai ones in the sense of holomorphi hains
(see Corollary 3.7).
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An important question, strongly motivated by the fat that algebrai ap-
proximation is one of entral tehniques used in numerial omputations, is
when the presented methods lead to eetive algorithms. This problem will
be disussed in a forthoming paper. Here let us only mention that for Nash
approximations of analyti sets we desribed a onstrutive method in [6℄.
Note that the onvergene of positive hains appearing Theorem 3.1 is equiv-
alent to the onvergene of urrents of integration over the onsidered sets (see
[11℄, pp. 141, 206-207). The organization of this paper is as follows. In Se-
tion 2 preliminary material is presented whereas Setion 3 ontains the proofs
of the main results.
2 Preliminaries
2.1 Nash sets
Let Ω be an open subset of Cn and let f be a holomorphi funtion on Ω. We
say that f is a Nash funtion at x0 ∈ Ω if there exist an open neighborhood U
of x0 and a polynomial P : C
n ×C → C, P 6= 0, suh that P (x, f(x)) = 0 for
x ∈ U. A holomorphi funtion dened on Ω is said to be a Nash funtion if it
is a Nash funtion at every point of Ω. A holomorphi mapping dened on Ω
with values in C
N
is said to be a Nash mapping if eah of its omponents is a
Nash funtion.
A subset Y of an open set Ω ⊂ Cn is said to be a Nash subset of Ω if and
only if for every y0 ∈ Ω there exists a neighborhood U of y0 in Ω and there exist
Nash funtions f1, . . . , fs on U suh that
Y ∩ U = {x ∈ U : f1(x) = . . . = fs(x) = 0}.
The fat from [21℄ stated below explains the relation between Nash and
algebrai sets.
Theorem 2.1 Let X be an irreduible Nash subset of an open set Ω ⊂ Cn. Then
there exists an algebrai subset Y of Cn suh that X is an analyti irreduible
omponent of Y ∩Ω. Conversely, every analyti irreduible omponent of Y ∩Ω
is an irreduible Nash subset of Ω.
2.2 Convergene of losed sets and holomorphi hains
Let U be an open subset in Cm. By a holomorphi hain in U we mean the
formal sum A =
∑
j∈J αjCj , where αj 6= 0 for j ∈ J are integers and {Cj}j∈J is
a loally nite family of pairwise distint irreduible analyti subsets of U (see
[22℄, p. also [2℄, [11℄). The set
⋃
j∈J Cj is alled the support of A and is denoted
by |A| whereas the sets Cj are alled the omponents of A with multipliities
αj . The hain A is alled positive if αj > 0 for all j ∈ J. If all the omponents
of A have the same dimension n then A will be alled an n−hain.
Below we introdue the onvergene of holomorphi hains in U . To do this
we rst need the notion of the loal uniform onvergene of losed sets. Let
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Y, Yν be losed subsets of U for ν ∈ N. We say that {Yν} onverges to Y loally
uniformly if:
(1l) for every a ∈ Y there exists a sequene {aν} suh that aν ∈ Yν and
aν → a in the standard topology of Cm,
(2l) for every ompat subset K of U suh that K ∩ Y = ∅ it holds K ∩ Yν = ∅
for almost all ν.
Then we write Yν → Y. For details onerning the topology of loal uniform
onvergene see [22℄.
We say that a sequene {Zν} of positive n-hains onverges to a positive
n-hain Z if:
(1) |Zν | → |Z|,
(2) for eah regular point a of |Z| and eah submanifold T of U of dimension
m − n transversal to |Z| at a suh that T is ompat and |Z| ∩ T = {a},
we have deg(Zν · T ) = deg(Z · T ) for almost all ν.
Then we write Zν ֌ Z. (By Z · T we denote the intersetion produt of Z and
T (f. [22℄). Observe that the hains Zν · T and Z · T for suiently large ν
have nite supports and the degrees are well dened. Reall that for a hain
A =
∑d
j=1 αj{aj}, deg(A) =
∑d
j=1 αj).
2.3 Normalization of algebrai sets
Let us reall that every ane algebrai set, regarded as an analyti spae, has
an algebrai normalization (see [17℄, p. 471). Therefore (in view of the basi
properties of normal spaes, see [17℄, pp. 337, 343) the following theorem, whih
will be useful in the proof of the main result, holds true.
Theorem 2.2 Let Y˜ be an algebrai subset of Cm. Then there are an integer n
and an algebrai subset Z of Cm×Cn with pi(Z) = Y˜ , where pi : Cm×Cn → Cm
is the natural projetion, satisfying the following properties:
(01) Z, regarded as an analyti spae, is loally irreduible,
(02) pi|Z : Z → Cm is a proper map,
(03) pi|Z∩(pi−1(Y˜ \Sing(Y˜ ))) : Z ∩ (pi
−1(Y˜ \ Sing(Y˜ ))) → Y˜ is an injetive map.
2.4 Runge domains
We say that P is a polynomial polyhedron in Cn if there exist polynomials in
n omplex variables q1, . . . , qs and real onstants c1, . . . , cs suh that
P = {x ∈ Cn : |q1(x)| ≤ c1, . . . , |qs(x)| ≤ cs}.
The following lemma is a straightforward onsequene of Theorem 2.7.3 and
Lemma 2.7.4 form [14℄.
Lemma 2.3 Let Ω ⊂ Cn be a Runge domain. Then for every Ω0 ⊂⊂ Ω there
exists a ompat polynomial polyhedron P ⊂ Ω suh that Ω0 ⊂⊂ IntP.
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Theorem 2.7.3 from [14℄ immediately implies the following
Claim 2.4 Let P be any polynomial polyhedron in Cn. Then IntP is a Runge
domain in C
n.
The following fat from [14℄ (Theorem 2.7.7, p 55) will also be useful to us.
Theorem 2.5 Let f be a holomorphi funtion in a neighborhood of a polyno-
mially onvex ompat set K ⊂ Cn. Then f an be uniformly approximated on
K by polynomials in n omplex variables.
3 Approximation of analyti sets
The following theorem is the main result of this paper.
Theorem 3.1 Let U be a Runge domain in Ck and let X be an analyti subset
of U ×Cn of pure dimension k with proper projetion onto U. Then there is a
sequene {Xν} of algebrai subsets of Ck × Cn of pure dimension k suh that
{Xν ∩ (U ×Cn)} onverges to X in the sense of holomorphi hains.
The proof of Theorem 3.1 is based on two results. Firstly, every purely
dimensional analyti set with proper and surjetive projetion onto a Runge
domain an be approximated by Nash sets (see Theorem 3.5). Seondly, every
omplex Nash set with proper projetion onto a Runge domain an be approx-
imated by algebrai sets as stated in the following
Proposition 3.2 Let Y be a Nash subset of Ω×C of pure dimension k < m,
with proper projetion onto Ω, where Ω is a Runge domain in Cm−1. Then there
is a sequene {Yν} of algebrai subsets of Cm−1 ×C of pure dimension k suh
that {Yν ∩ (Ω×C)} onverges to Y in the sense of holomorphi hains.
Proof of Proposition 3.2. Let l be a positive integer and let || · ||l denote a
norm in C
l. Put Bl(r) = {x ∈ Cl : ||x||l < r}. For any analyti subset X of
an open subset of C
l
let X(q) denote the union of all q-dimensional irreduible
omponents of X.
To prove the proposition it is learly suient to show that for every open
Ω0 ⊂⊂ Ω and for every real number r > 0 the following holds:
(*) there exists a sequene {Yν} of purely k-dimensional algebrai subsets of
C
m−1 ×C suh that {Yν ∩ (Ω0 ×B1(r))} onverges to Y ∩ (Ω0 ×B1(r)) in
the sense of hains.
Fix an open relatively ompat subset Ω0 of Ω and a real number r > 0. Let
p˜i : Cm−1 ×C→ Cm−1 denote the natural projetion.
Claim 3.3 There exists a purely k-dimensional algebrai subset Y˜ of Cm−1×C
suh that Y ∩ (Ω0 × B1(r)) is the union of some of the analyti irreduible
omponents of Y˜ ∩ (Ω0 ×B1(r)). Moreover, the mapping p˜i|Y˜ : Y˜ → C
m−1
may
be assumed to be proper.
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Proof of Claim 3.3. By Lemma 2.3 we an x a ompat polynomial polyhedron
P ⊂ Ω suh that Ω0 ⊂⊂ Γ ⊂⊂ Ω, where Γ = IntP. The omplex manifold
RegC(Y ∩ (Γ × C)) is a semi-algebrai subset of R2m, hene it has a nite
number of onneted omponents. Consequently, Y ∩ (Γ×C) has nitely many
analyti irreduible omponents. Therefore by Theorem 2.1 there exists a purely
k-dimensional algebrai subset Y˜ of Cm−1×C suh that Y ∩(Γ×C) is the union
of some of the analyti irreduible omponents of Y˜ ∩ (Γ × C). Then, learly,
Y ∩ (Ω0×B1(r)) is the union of some of the analyti irreduible omponents of
Y˜ ∩ (Ω0 ×B1(r)).
If the mapping p˜i|Y˜ : Y˜ → C
m−1
is proper then the proof is ompleted.
Otherwise, using the fats that Y ∩ (Γ ×C) ⊂ Y˜ ∩ (Γ ×C) and Ω0 ⊂⊂ Γ, we
show that there are a C-linear isomorphism Φ : Cm → Cm, a Runge domain
Ω1 in C
m−1, and a real number s > 0 suh that the following hold:
(a) the projetion of Φ(Y˜ ) ⊂ Cm−1 ×C onto Cm−1 is a proper mapping,
(b) Φ(Ω0 ×B1(r)) ⊂ Ω1 ×B1(s),
() Φ(Y ) ∩ (Ω1 × B1(s)) is a Nash subset of Ω1 ×C whose projetion onto Ω1
is a proper mapping,
(d) Φ(Y ) ∩ (Ω1 × B1(s)) is the union of some of the irreduible omponents of
Φ(Y˜ ) ∩ (Ω1 ×B1(s)).
If there exists a sequene {Zν} of purely k-dimensional algebrai subsets of
C
m−1 ×C suh that {Zν ∩ (Ω1 ×B1(s))} onverges to Φ(Y ) ∩ (Ω1 ×B1(s)) in
the sense of hains, then Y ∩ (Ω0 × B1(r)) is approximated, in view of (b), by
{Φ−1(Zν)∩(Ω0×B1(r))}.Moreover, () implies that Ω1 and Φ(Y )∩(Ω1×B1(s))
taken in plae of Ω and Y respetively satisfy the hypotheses of Proposition 3.2.
Sine, in view of (a) and (d), Φ(Y˜ ) is a purely k-dimensional algebrai subset of
C
m−1×C with proper projetion onto Cm−1, ontaining Φ(Y )∩ (Ω1×B1(s)),
the proof of the laim is ompleted provided there are Φ, Ω1 and s satisfying
(a), (b), () and (d).
Take Ω1 to be any Runge domain in C
m−1
with Ω0 ⊂⊂ Ω1 ⊂⊂ Γ. (The
existene follows by Lemma 2.3 and Claim 2.4.) Now, sine dim(Y˜ ) = k < m,
by the Sadullaev theorem (see [17℄, p. 389), the set SY˜ of one-dimensional linear
subspaes l of Cm suh that the projetion of Y˜ along l onto the orthogonal
omplement l⊥ of l in Cm is proper, is open and dense in the Grassmannian
G1(C
m). Consequently, for every ε > 0 there is l ∈ SY˜ so lose to {0}
m−1 ×C
that there is a C-linear isomorphism Φε : C
m → Cm transforming l, l⊥ onto
{0}m−1 ×C, Cm−1 × {0} respetively suh that
||Φε − IdCm || < ε,
where IdCm is the identity on C
m.
Clearly, Φ = Φε satises (a) (for every ε > 0). Now, by the fats that Y is
a Nash subset of Ω×C suh that p˜i|Y : Y → Ω is a proper map and Ω1 ⊂⊂ Ω,
there is a real number s > r suh that
(Ω1 × ∂B1(s)) ∩ Y = ∅.
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This implies that Φ = Φε satises (), if ε is suiently small. Next, the fats
Ω0 ⊂⊂ Ω1 and s > r imply that Φ = Φε satises (b), for small ε. Finally, by
Ω1 ⊂⊂ Γ we get Φ−1ε (Ω1 ×B1(s)) ⊂ Γ×C, if ε is small enough. Therefore
Φε(Y ) ∩ (Ω1 ×B1(s)) ⊂ Φε(Y˜ ) ∩ (Ω1 ×B1(s)),
whih easily implies that (d) is satised with Φ = Φε. Thus the proof is
ompleted.
Proof of Proposition 3.2 (ontinuation). By Theorem 2.2 there are an integer n
and a loally irreduible (regarded as an analyti spae), purely k-dimensional
algebrai subset Z of Cm × Cn suh that the restrition pi|Z of the natural
projetion pi : Cm ×Cn → Cm is a proper mapping, pi(Z) = Y˜ and
pi|Z∩(pi−1(Y˜ \Sing(Y˜ ))) : Z ∩ (pi
−1(Y˜ \ Sing(Y˜ ))) → Y˜
is an injetive mapping.
We may assume that (Y˜ \ Y ) ∩ (Ω×C) 6= ∅, beause otherwise
Y ∩ (Ω0 ×B1(r)) = Y˜ ∩ (Ω0 ×B1(r))
and one an take Yν = Y˜ , for every ν ∈ N.
Now, the Nash subsets E and F of Ω×C×Cn dened by
E = (Z ∩ pi−1(Y ))(k) and F = (Z ∩ pi
−1(Y˜ \ Y ) ∩ (Ω×C×Cn))(k),
where the losure is taken in Ω ×C, satisfy E ∩ F = ∅. Indeed, if there exists
some a ∈ E ∩ F , then Z (regarded as an analyti spae) is not irreduible at a
beause
Z ∩ (Ω×C×Cn) = E ∪ F,
and dim(E ∩ F ) < k. Consequently, the sets
E˜ = E ∩ (P ×C×Cn) and F˜ = F ∩ (P ×C×Cn)
also satisfy E˜ ∩ F˜ = ∅, where P ⊂ Ω is a xed ompat polynomial polyhedron
suh that Ω0 ⊂ P. (The existene of P follows by Lemma 2.3.)
By Claim 3.3, we may assume that the mapping p˜i|Y˜ is proper. Then the
mapping pˆi|Z : Z → Cm−1 is proper as well, where pˆi = p˜i ◦ pi. This implies
that both E˜ and F˜ are ompat. Moreover, the mapping (pˆi, p)|Z : Z → Cm is
proper for every polynomial p : Cm ×Cn → C.
Now the idea of the proof is to nd a sequene {pν} of polynomials dened
on C
m ×Cn with the following properties:
(0) {pν |E˜} onverges uniformly to the mapping (x1, . . . , xm, y1, . . . , yn) 7→ xm,
(1) infb∈F˜ |pν(b)| > r for almost all ν.
Then we show that the sequene {(pˆi, pν)(Z)} of purely k-dimensional algebrai
subsets of C
m
is as required in the ondition (*): {(pˆi, pν)(Z) ∩ (Ω0 × B1(r))}
onverges to Y ∩ (Ω0 ×B1(r)) in the sense of hains.
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Claim 3.4 There exists a sequene {pν} of polynomials in m+n omplex vari-
ables, satisfying (0) and (1).
Proof of Claim 3.4. Firstly, by the fat that E˜ ∩ F˜ = ∅, there is an open subset
U of Cm×Cn suh that U = U1∪U2, where U1, U2 are open subsets of Cm×Cn,
U1 ∩ U2 = ∅ and E˜ ⊂ U1, F˜ ⊂ U2.
Seondly abbreviate (x, y) = (x1, . . . , xm, y1, . . . , yn) and note that the fun-
tion f : U → C dened by f(x, y) = xm on U1 and f(x, y) = r + 1 on U2 is
holomorphi.
Thirdly observe that, sine Z is an algebrai subset of Cm×Cn with proper
projetion onto C
m, and pi(Z) = Y˜ is an algebrai subset of Cm−1 × C with
proper projetion onto C
m−1, and P is a ompat polynomial polyhedron in
C
m−1
, the union E˜ ∪ F˜ is a ompat polynomial polyhedron (and hene a
polynomially onvex ompat set) in C
m ×Cn. Indeed, there are s, s˜ > 0 suh
that
E˜ ∪ F˜ = Z ∩ (P ×B1(s)×Bn(s˜))
and the righthand side of the latter equation is learly desribed by a nite num-
ber of inequalities of the form |Q(x, y)| ≤ c, where Q is a omplex polynomial,
and c is a real onstant (possibly equal to zero).
Lastly, sine f is a holomorphi funtion in a neighborhood of a polynomially
onvex ompat set E˜ ∪ F˜ , it is suient to apply Theorem 2.5 to obtain a
sequene {pν} of omplex polynomials in m+ n variables onverging uniformly
to f on E˜ ∪ F˜ . Clearly, every suh sequene satises (0) and (1).
Proof of Proposition 3.2 (end). Let {pν} be a sequene of polynomials satisfying
the assertion of Claim 3.4. We hek that the sequene {Yν} dened by
Yν = (pˆi, pν)(Z), for ν ∈ N,
satises the ondition (*), whih is suient to omplete the proof of Proposi-
tion 3.2.
Every Yν is a purely k-dimensional algebrai subset of C
m
beause the map-
ping (pˆi, pν) : C
m ×Cn → Cm is polynomial, its restrition (pˆi, pν)|Z is proper
and Z is a purely k-dimensional algebrai subset of Cm×Cn. Hene it remains
to hek that {Yν ∩ (Ω0×B1(r))} onverges to Y ∩ (Ω0×B1(r)) in the sense of
hains.
To see that {Yν∩(Ω0×B1(r))} onverges to Y ∩(Ω0×B1(r)) loally uniformly
(.f. (1l) and (2l), Setion 2.2) it is suient to observe that
Yν ∩ (Ω0 ×B1(r)) = (pˆi, pν)(E˜) ∩ (Ω0 ×B1(r)),
for ν large enough, whereas
Y ∩ (Ω0 ×B1(r)) = pi(E˜) ∩ (Ω0 ×B1(r)).
The rst equality follows diretly by (0), (1) and the denitions of E˜ and F˜ .
The latter one is an obvious onsequene of the denition of E˜. Moreover, (0)
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implies that (pˆi, pν)|E˜ onverges to pi|E˜ uniformly whih in turn implies that
both (1l) and (2l) are satised.
To nish the proof, let us verify that {Yν∩(Ω0×B1(r))} and Y ∩(Ω0×B1(r))
satisfy (2) (of Setion 2.2). Suppose that it is not true. Then there exist a
k-dimensional C-linear subspae l of Cm−1 × {0} and open balls C1, C2 in l, l
⊥
respetively, where l⊥ denotes the orthogonal omplement of l in Cm, suh that
C1 + C2 ⊂ Ω0 ×B1(r) and the following hold:
(a) Y ∩ (C1 + ∂C2) = ∅ and (Y˜ \ Y ) ∩ (C1 + C2) = ∅,
(b) every ber of the projetion of Y ∩ (C1 + C2) onto C1 is 1-element,
() the generi ber of the projetion of Yν ∩ (C1 + C2) onto C1 is at least
2-element for innitely many ν.
The existene of l ⊂ Cm (and C1, C2) as above is a diret onsequene of
the assumption that (2) does not hold. Sine the projetion of Y˜ ⊂ Cm−1×C
onto C
m−1
is a proper mapping, the subspae l an be hosen in suh a way
that it is ontained in C
m−1 × {0}.
The onditions (a), (b) and the fats that pi|Z∩(pi−1(Y˜ \Sing(Y˜ ))) is injetive
and pi|Z is proper imply that
Z ∩ ((C1 + C2)×C
n) = graph(G),
where G ∈ O(C1, C2×Cn). Consequently, by (0) and the inlusion l ⊂ Cm−1×
{0}, for ν large enough,
Tν := (pˆi, pν)(graph(G))
is a k-dimensional analyti subset of C1 + C2 whose projetion onto C1 has
1-element bers. Therefore, by (), for innitely many ν, there is an analyti
subset Hν of C1 + C2 of pure dimension k suh that dim(Tν ∩ Hν) < k and
Tν ∪Hν = Yν ∩ (C1 + C2).
On the other hand, for large ν, it follows that
Hν ⊂ (pˆi, pν)(graph(G)) = Tν ,
whih learly ontradits the fat that dim(Tν ∩ Hν) < k. The inlusion holds
beause, as observed previously, for large ν we have
Hν ⊂ Yν ∩ (C1 + C2) = (pˆi, pν)(E˜) ∩ (C1 + C2).
Moreover, by (0), (a) and the fat that l ⊂ Cm−1 × {0} it holds
(pˆi, pν)(E˜) ∩ (C1 + C2) = (pˆi, pν)(E˜ ∩ ((C1 + C2)×C
n)),
whih implies that Hν ⊂ Tν as
E˜ ∩ ((C1 + C2)×C
n) ⊂ graph(G).
Thus {Yν ∩ (Ω0 × B1(r))} and Y ∩ (Ω0 × B1(r)) satisfy (2) and the proof
of Proposition 3.2 is ompleted.
Proof of Theorem 3.1. Let us rst reall that for analyti overs there exist
Nash approximations (for details see [4℄ or [6℄, or [8℄):
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Theorem 3.5 Let U be a onneted Runge domain in Ck and let X be an
analyti subset of U ×Cn of pure dimension k with proper projetion onto U.
Then for every open relatively ompat subset V of U there is a sequene of
Nash subsets of V × Cn of pure dimension k with proper projetion onto V ,
onverging to X ∩ (V ×Cn) in the sense of holomorphi hains.
Fix a Runge domain U in Ck and an analyti subset X of U×Cn of pure dimen-
sion k with proper projetion onto U. Clearly, in order to prove Theorem 3.1, it
is suient to prove the following
Claim 3.6 For every open V ⊂⊂ U there exists a sequene {Xν} of purely
k-dimensional algebrai subsets of Ck×Cn suh that {Xν∩(V ×Cn)} onverges
to X ∩ (V ×Cn) in the sense of hains.
Let us prove the laim. Fix an open V ⊂⊂ U. Sine, without loss of generality,
V an be replaed by a larger relatively ompat Runge subdomain of U (f. Se-
tion 2.4) we may assume that V is a Runge domain. By Theorem 3.5, there is
a sequene {Zν} of purely k-dimensional Nash subsets of V ×Cn, with proper
projetion onto V, onverging to X∩(V ×Cn) in the sense of hains.(Formally in
Theorem 3.5, U is assumed to be onneted, but this assumption an be easily
omitted by treating every onneted omponent of U separately.)
For every ν, by Proposition 3.2 applied with Y = Zν , Ω = V ×Cn−1 and
m = n+ k, there is a sequene {Yν,µ} of algebrai subsets of Ck ×Cn of pure
dimension k suh that {Yν,µ ∩ (V ×Cn)} onverges to Zν in the sense of hains.
Clearly, there is a funtion α : N → N suh that {Yν,α(ν)∩ (V ×C
n)} onverges
to X∩(V ×Cn). Thus the proofs of Claim 3.6 and Theorem 3.1 are ompleted.
An immediate onsequene of Theorem 3.1 is the following
Corollary 3.7 Let X be a purely k-dimensional analyti subset of some open
Ω ⊂ Cm. Then for every a ∈ X there are an open neighborhood U of a in Ω
and a sequene {Xν} of purely k-dimensional algebrai subsets of Cm suh that
{Xν ∩ U} onverges to X ∩ U in the sense of holomorphi hains.
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